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Abstract
We recently showed (Class. Quantum Grav. 23, 3353; gr-qc/0602091)
that aligned Petrov type D purely magnetic perfect fluids are neces-
sarily locally rotationally symmetric (LRS) and hence are all explicitly
known. We provide here a more transparent proof.
Aligned purely magnetic perfect fluids are defined to be non-conformally
flat solutions of Einstein’s field equations
Gab ≡ Rab − 1
2
Rgab = (w + p)uaub − pgab, (1)
for which the electric part of the Weyl tensor w.r.t. to the unique normalized
timelike eigenvector field ua of the Ricci tensor vanishes:
Eac ≡ Cabcdubud = 0. (2)
All locally rotationally symmetric solutions of this kind were recently found
[1, 2]. They are of class III or I in the classification by Stewart and Ellis
[3], wherefor the metrics can then be explicitly constructed or determined
up to a single third-order differential equation, respectively. It was shown in
[4], within the Newman-Penrose formalism, that these LRS classes actually
exhaust Petrov type D. To come to the result, use was made of a further
tetrad fixation, which is unnecessary and hides somewhat the exact freedom
which is left in the NP and Bianchi-equations at a certain level of the reason-
ing. The streamlined proof below is designed to bring more clarity, and also
demonstrates in a straightforward way that the LRS classes are I or III. We
will still make use of the Newman-Penrose formalism and follow the notation
of [5], whereby the Newman-Penrose equations (7.21a – 7.21r) and Bianchi
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identities (7.32i – 7.32h) will be indicated as (np1 – np18) and (b9 – b11).
Regarding (7.32a – 7.32h), appropriate combinations with (7.32i – 7.32h) are
made to remove derivatives of the Ricci scalar, and the resulting equations
are (b1 – b11). In the philosophy of not further fixing B, the GHP ‘edth’
operator k will also come into play.
We use a canonical type D tetrad B, with
Ψ0 = Ψ1 = Ψ3 = Ψ4 = 0, (3)
with the condition (2) being expressed as
Ψ2 = −Ψ2 6= 0 (4)
Choosing a boost in the (k, ℓ) plane such that the fluid velocity u = (k+ℓ)/
√
2
and introducing S = w + p as a new variable, one has
Φ00 = Φ22 = 2Φ11 =
S
4
and R = 4w − 3S. (5)
Theorem. A PMpf of Petrov type D is LRS class I or III. More precisely,
the spin coefficients of a canonical Weyl null-tetrad obey λ = σ = β + α =
κ = τ = π = ν = 0, with moreover
µ = q ρ, g = q e,Ψ2 =
q
2
(ρ− ρ)(2e+ ρ+ ρ), (6)
where g ≡ γ + γ and e ≡ ǫ+ ǫ, and q is 1 for class I and -1 for class III.
Proof. From (bi5) and (bi6) one gets
(D −∆)S = −(g + e)S − 9(ρ+ µ− (ρ+ µ))Ψ2, (7)
(D −∆)Ψ2 = 3
2
(ρ+ µ+ ρ+ µ)Ψ2 − 1
4
(ρ+ µ− (ρ+ µ))S, (8)
(D +∆)Ψ2 = −3
2
(µ− ρ+ (µ− ρ))Ψ2, (9)
together with an algebraic relation
18(ρ− ρ+ µ− µ)Ψ2 − (ρ+ ρ− µ− µ+ 2(e− g))S = 0. (10)
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Next, λ = σ = 0 immediately follows from (bi2) and (bi3). From (bi1) +
(bi4) + (bi7) + (bi8) one gets
κ+ 3(π + τ) + ν = 0. (11)
The first key observation is that herewith, the combination (np2)+3(np4)+
3(np10) + (np14) is algebraic and factorises as follows:
(β + α)(2κ+ 3τ + 3π) = 0. (12)
If β + α were not identically zero, then from (11) and (12) one would obtain
κ = ν = −3
2
(τ + π) after which (bi1)− (bi4) and (np2)− (np10) respectively
yield
β + α = τ + π, (β + α)(τ + π) = 0, (13)
such that one would come to the contradiction β + α = 0. With β + α = 0,
we respectively get from (np11), (np13), (np4) + (np5) and (np15) + (np18)
that
δρ = θ(ρ− ρ), (14)
δµ = π(µ− µ)− (κ + 3(θ + π))(ρ− ρ), (15)
δe = −π(ρ+ ǫ) + κ(µ+ g), (16)
δg = θ(µ+ g) + (κ+ 3(θ + π))(ρ+ e), (17)
whereas from (bi1), (bi8) − (bi7) and (np2), (np7), (np16) we get an au-
tonomous dynamical system in Ψ[2], S, κ, τ, π with k as differential operator,
for which (a) kΨ2 and kS are linear and homogeneous in Ψ2 and S, and (b)
κ, τ, π form a subsystem:
kΨ2 =
3
2
(τ − π)Ψ2 − 1
2
(τ + π)S = δΨ2, (18)
kS = −12κΨ2 + (κ− π)S = δS, (19)
kκ = (τ − π)κ, (20)
kπ = −(3κ + π)π − (κ+ 3τ)κ, (21)
kτ = (3κ+ τ)τ + (κ+ 3π)κ. (22)
However, from (bi4)− (bi1) we get that these variables are constrained by
3(2κ+ 3τ + 3π)Ψ2 + (τ + π)S = 0. (23)
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Hence, on applying k to (23), the homogeneous and linear character in Ψ2
and S is preserved, and as (Ψ2, S) 6= (0, 0) we must have
2κ2 + 9τ 2 + 6π2 + 7κτ + 5κπ + 15τπ = 0. (24)
Applying k to 24 one further finds
2κ3+18τ 3−12π3+13τκ2+23κτ 2+5πκ2−κπ2+15πτ 2−15τπ2+16τκπ = 0.
(25)
Eliminating π, resp. θ, from (24) and (25) by calculating resultants one ob-
tains
(9κ2 − 2κτ + 9τ 2)κ2(κ+ τ)2 = 0, (3κ2 + 4κπ + 3π2)κ2(κ− π)2 = 0. (26)
Suppose κ 6= 0. By substituting into (24) and (25) the relations κ =
−τ and κ = π one finds that these are equivalent, hence τ + π = 0, in
contradiction with (23) and Ψ2 6= 0 6= κ. Hence possible ratio’s θ/κ and π/κ
are roots of the first factors in (25) divided by κ2. Checking (24) for the four
different possibilities, one finds that only two couples are allowed:
(τ, π) =
(
1
9
(1 + z4i
√
5)κ,−1
3
(2 + zi
√
5)κ
)
, z = ±1. (27)
Inserting this in (23) and dividing by κ we correspondingly find S and Ψ2 to
be constantly proportional:
S = z
9i√
5
Ψ2. (28)
We immediately get two additional (real) algebraic equations in e, g, ρ, ρ, µ, µ
from (28), by substituting it into (10) on one hand, and applying D −∆ to
it and use (7)-(8). With Ψ2 6= 0, this respectively yields
z
√
5(µ+ µ− (ρ+ ρ) + 2(g − e)) + 10i(µ− µ− (ρ− ρ)) = 0, (29)
z2
√
5(3(µ+ µ+ ρ+ ρ) + 2(g + e))− 11i(µ− µ+ ρ− ρ) = 0. (30)
To come to a quick contradiction we would like to have four more real (or
two more complex) homogeneous and linear equations in e, g, ρ, ρ, µ, µ. The
amazing fact is that just two such complex equations (and not more!) become
easily available, as follows. Combining (27) and (11), one finds that the
ratio’s ν/tau and π/κ are equal
ν
τ
=
π
κ
= −1
3
(2 + zi
√
5) := a(z). (31)
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The second key observation is that herewith, (np9) − a(z)(np3) becomes
algebraic and of the wanted form:
z
√
5(ρ− µ+ 6(g − e))− i(5(ρ+ µ) + 12(g + e)) = 0. (32)
By means of (14)-(17) we can get another algebraic equation on applying δ
on (32), but this turns out to give an identity when inserting (27). However,
we can build one other homogeneous and linear complex equation in ρ, µ, e, g
by eliminating ρ and µ from (29),(30) and the complex conjugate of (??).
This yields
z
√
5(25(ρ− µ) + 31(g − e)) + 2i(65(ρ+ µ) + 63(g + e)) = 0. (33)
Applying δ on this, inserting (27) and dividing by κ now gives
z(255ρ+ 873ρ− 13µ+ 765µ+ 752g + 1128e)
−i
√
5(357(ρ− ρ) + 529µ− 153µ+ 376g) = 0. (34)
Thus {(29), (30), (32), (32), (34), (34)} forms a homogeneous and linear sys-
tem in ρ, ρ, µ, µ, e, g, the determinant of which is computed to be non-zero
(and independent of z). Thus the only solution is the zero-solution. How-
ever, inserting ρ = µ = 0 in the imaginary part of (np12) then yields Ψ2 = 0:
contradiction.
Hence κ = 0. Substituting this into (24) and (25) one finds
(3θ + 2π)(τ + π) = (−6τ 2 + πθ + 4π2)(θ + π) = 0 (35)
such that θ + π = 0, and ν = 0 by (11). With the so far obtained spec-
ifications, (bi10) reduces to δw = δw = 0, while from (bi9) and (bi11) we
respectively get:
Dw =
9
2
(ρ+ µ− (ρ+ µ))Ψ2 + 1
2
(g − e+ ρ+ ρ− µ− µ)S, (36)
∆w = −9
2
(ρ+ µ− (ρ+ µ))Ψ2 + 1
2
(g − e+ ρ+ ρ− µ− µ)S. (37)
Herewith, the [δ, δ] commutator applied on w is algebraic, and elimination of
Ψ2 from it by combination with (10) yields a factorisation
S(µ− ρ− (µ− ρ))(µ− ρ+ (µ− ρ)) = 0. (38)
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Hence µ − ρ is either real or imaginary, where the real case corresponds to
vanishing vorticity of the ua-congruence, see the appendix. Application of
the [δ,D +∆] commutator to w results for both cases in
τ(µ − ρ+ g − e) = 0. (39)
In the case where µ− ρ is real, the imaginary part of (np12) precisely gives
Ψ2 =
1
2
(ρ− ρ)(µ− ρ+ g − e) (40)
such that the second factor of 39 cannot vanish. It can vanish neither when
µ − ρ is imaginary, as then µ − ρ would be zero as g − e is real. Therefore
τ, κ, ν, π, λ and σ are all zero, and hence the solutions are LRS according to
corollary 1 in [6].
Further, the Ricci equations (np1), (np8), (np17) and (np14) respectively
yield
Dρ = ρ(ρ+ e) +
S
4
(41)
Dµ = µ(ρ− e) + Ψ2 + w
3
− S
4
(42)
∆ρ = −ρ(µ − g)−Ψ2 − w
3
+
S
4
(43)
∆µ = −µ(µ+ g)− S
4
. (44)
The non-rotating case (µ−ρ real) was fully treated in [1]. Application of
the commutator [δ, δ] to Ψ2 and the evolution operatorD+∆ to µ+ρ−µ−ρ =
0 respectively yield
Ψ2(ρ− ρ)(ρ+ µ) = 0, (ρ− ρ)(e+ g) = 0, (45)
such that ρ+µ = g+e = 0 by (40), where g+e = 0 is equivalent to the perfect
fluid ua-congruence being geodesic, see the appendix. As ρ = µ = 0 is not
allowed by (40), one has ρ/µ = −1 < 0, and the corresponding space-times
are LRS class III, see [6].
For imaginary µ−ρ 6= 0, application of D−∆ to ρ+ ρ−µ−µ = 0 yields
(µ+ µ)(e− g) + (µ− ρ)(µ− ρ) = 0, (46)
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whereas from the application of the commutator [δ, δ] to Ψ2 one now obtains
(µ− ρ)[(ρ− µ)S + 6(µ+ µ)Ψ2] = 0. (47)
If the second factor in (47) vanishes, then eliminating S from it in combina-
tion with (10) yields
(µ+ µ)(e− g) + 3(µ− ρ)(µ− ρ) = 0. (48)
Hence, consistency with (46) requires ρ = µ anyway. Substitution of this
into (47) finally gives g = e, and the ua-congruence is shear-free and non-
expanding, see the appendix. The imaginary part of (np12) gives the ex-
pression (6) for Ψ2 with q = 1. Again, ρ = µ = 0 is not allowed, hence
ρ/µ = 1 > 0 and the corresponding space-times are LRS class I [6]. 2
Remark. All LRS class I, resp. class III, solutions are stationary, resp.
orthogonally spatially homogeneous, and hence exhibit an equation of state,
which can be most explicitly be determined for LRS class III PMpf’s, see [1].
LRS class II only contains purely electric solutions. A beautiful overview of
LRS space-times in a 1+3 covariant approach, summarizing many features
of the different classes and discussing their practical meaning, can be found
in [7].
Appendix
Choosing an orthonormal tetrad such that δ ≡ (e1 − ie2)/
√
2, D ≡ (e3 +
e4)/
√
2 and ∆ ≡ (e4 − e3)/
√
2 (e4 = u being the fluid velocity), the compo-
nents of the fluid kinematical quantities are given by the following expres-
sions:
(expansion tensor)
θ12 = 0 (49)
θ13 + iθ23 = (α + β + 2π + 2τ )/
√
2 (50)
θ11 = θ22 = (µ+ µ− ρ− ρ)/(2
√
2) (51)
θ33 = (ǫ+ ǫ− γ − γ)/
√
2 (52)
(acceleration vector)
u˙1 + iu˙2 = −
√
2(π + κ+ 2τ) (53)
u˙3 = (ǫ+ ǫ+ γ + γ)/
√
2 (54)
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(vorticity vector)
ω1 + iω2 =
i
2
(α + β − 2τ − 2π)/
√
2 (55)
ω3 =
i
2
(ρ− ρ+ µ− µ)/
√
2 (56)
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